IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Factorizable S-matrices from nonlocal ZN charges

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1992 J. Phys. A: Math. Gen. 25 2693
(http://iopscience.iop.org/0305-4470/25/9/037)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.62
The article was downloaded on 01/06/2010 at 18:32

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/25/9
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 25 (1992) 2693-2709. Printed in the UK

Factorizable S-matrices from non-local Z, charges
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Abstract. Conserved non-local Zy charges Q and Q are defined through their action on
asymptotic particle states. This action entails a non-trivial coproduct. S-matrices invariant
under these Z,, charges are explicitly found. They enjoy in addition P, C, T, crossing
invariance and unitarity. The unitarization factors are calculated. Finally, we identify
perturbed conformal field theories described by these factorized S-matrices.

1. Introduction

Perturbing conformal field theories (CFT) by relevant operators, one finds as a rule,
massive quantum field theories (QFT). These QFT contain information about the scaling
limit in the vicinity of the fixed point and in many important cases turn out to be
integrable theories possessing factorizable S-matrices (1, 2].

Integrable QFT are characterized by the presence of conserved charges in an infinite
number. These charges may be local or non-local in the basic fields. Local charges
have integer (Lorentz) spin whereas non-local charges have often a non-integer spin.

The conservation of a non-local charge @ imposes strong constraints on the
S-matrix. That is, the requirement that Q has the same form on ingoing and outgoing
particle states usually determines the S-matrix up to some free parameters (and cDb
poles) [3]. In addition the whole set of non-local conserved charges constitute an
infinite dimensional non-Abelian symmetry of Yang-Baxter type in the QFt [4]. In
particular one finds the quantum group invariance as a limiting case [5].

The action of non-local charges on multiparticle states usually follows non-trivial
coproduct rules [3, 7]. In perturbed cFr, the study of non-local charges with fractional
spin starts in [8] with the perturbed tricritical Ising and Z;- Potts models.

Non-local conserved charges appear in many different theories [3-7]. For example,
the B,-Toda QFT possess a pair of fermionic charges Q. with spint(n—3). These
anticommuting charges (Q.Q_= —Q_Q.) completely determine the S-matrix of the
model as shown in [7]. (The parameter left free is a function of the coupling constant.)

The purpose of this paper is to investigate Zy-conserved charges. We define them

through
Q@ =0"'QQ
QN=P o (1.1)
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2694 H J de Vega and V A Fateev

where P,, P, are Zy-invariant local integrals of motion with spin =5 and o =™V,
The charges considered in [7] correspond to N =2. Here we shall consider N odd,
N=3.

We proceed as follows. Our one-particle states are of the form |¢, ) where o=
0,1,..., N—1mod N and @ is the particle rapidity. The action of Q and ( on them
is as follows

Qlo, 8)= A’ “|a+1, 8)
Qlo, 6) =A@ V"0 -1, 0)

/N

(1.2)

where Ag=m"" /N Xy=m"" ¢ and d an integer to be chosen later as d =

—1/2. On two-particle states Q and Q act following a non-trivial coproduct defined
by equations (3.3). This coproduct and its n-particle generalization provides a rep-
resentation of the Z,-charges (1.1} on asymptotic particle states. For even s, we
introduce an extra guantum number & = x1 to allow P, and P, to be odd under charge
conjugation.

We find a Zy-invariant S-matrix with s=1 requiring that Q and Q to commute
with the S-matrix. We also impose P, T, C and crossing invariance. The derivation of
the S-matrix is given in section 4. Our solution can be written as

Soied(0) =84 voy oo (o1 T 02, o — o3| 8) (1.3)
where

#(0, K, 8)=w  Fy(8) Nil "X (8) X _m (6} (1.4)

d=N-1/2 and Fn(#) is a unitarizing factor. In addition; we show in section 4 that
this S-matrix is real analytic. S-matrices with s # 1 are obtained from the s =1 solution
{1.3)-(1.4) by rescaling 8- 56, w > © (N notdivisibleby 5, 1= s< N —1). In addition,
for even s we introduce an extra quantum number £ = £. Particularly interesting cases
are s= N —1 {model 11} and s = N —2 {model I}). We investigate that in some detail.
The unitarizing factor for model I, Fx{#0), is explicitly found. It is given by an infinite
product of gamma functions (equations (3.46), (3.50) and (3.52)). For model 11, an
extra quantum number £ = =1 is introduced to characterize the particles. The S-matrix
is given explicitly in section 3 ({(3.56)-(3.66)). We conjecture that the full mass spectrum
of model I(II) coincides with the B x_,)/2{Dn) mass spectrum. Finally we investigate
the perturbed crr described by the @FT models I and IL. Both models turn out to be
pairs of parafermionic crr [8] perturbed by the operator

A J d*xe,e). (1.5)

The parafermionic cFT is a Zy (Z,~) model in the case I(II) with central charge
Cn=2(N-1)/(N+2)(C,n =(2N—1)/N+1). ¢, and ¢ are neutral fields (thermal

operators) with conformal dimensions

_ - 1
D =D,= N2 Iy {model I} D, =D, =-NT1(m0de| IT)

associated to each of the parafermionic cpT.
Moreover, we identify the Zy-charges with the operator

Q=J‘ lpﬂ;f’l dz+AC -I‘ (b(zo] 20] dz (1.6)
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where i, and | are the parafermionic fields associated to each of the crr, the fields
CIJ 20] are defined in (9] and ¢ is a numerical constant. Equations (1.5) and (1.6} hold
in models I and I1.

2. Z, Non-local charges and their associated S-matrix

We consider two conserved non-local Z; charges @ and Q with Lorentz spin-} acting
on asymptotic particle states and satisfying the following relations

Q=P Q’=P, Q@ =wQQ (2.1)
where w =e*"/? and P,, P, are Z;-invariant local integrals of motion with spins s.
They act as follows on one particle states |o, 8) where ¢ =—1,0, +1 (mod 3) and 8 in

the particle rapidity,
Qla, #)=Aw7lo+1, 6)
Qlo, )=A,w|a—1, 8).

(2.2)

We assume the particle mass to be independent of o.
Equations (2.1) hold if we choose, for example

Ao =(me®)/? Xo=(me )3 (2.3)

It means that we choose Q and Q to have (Lorentz) spin s =% and —j, respectively.

The action of Q and @ on two (or more) particle states is more subtle. There is a
non-trivial coproduct rule that physically reflects the non-local character of these
charges. We define

Qlay, 8;; 02, 0)= A0 |0+ 1, 8y; 0y, 92)+1\2w_0‘+02|°’1s 6y, 0211, 6y) (2.4)
Q-|°'1 , 01502, 0y =X w o =1, 8,5 03, B2y + A07 7oy, 6,5 02— 1, 83). (2.5)

Here Ay o= A, ,, Xia= ‘\912 The phases w”' and »°: correspond to the action of Q
and Q on the particles 1 and 2 respectively. The phase @™ in the second terms
accounts for the non-trivial character of the coproduct. It is easy to check that (2.4)-(2.5)

guarantee the validity of (2.1) on the two particle space.
The action of Q and Q on n-particle states (generalizing (2.4)-(2.5)} is as follows

Qlg, o) = Z Ao S =t }l (i))
(2.6}

thre O'=(0'1, Py 0',,), -~ (alv ey en)s g“)z(als‘ L | o-j—]; O'i"'l, UH—I;- sy 0'"), and
g=(a),...,0_1,0—1,0i1,...,0,).

Let us now consider the S-matrix for the scattering of these particles. To begin
with, the two-particle S-matrix

Sa2:(8) 2.7)
where @ is the relative rapidity, vanishes unless o, + o2 = o3 + o, (mod 3). Hence, we set

ST7H8) = 8oyt oporta, @ (01, T2, 03— 03[ 8). (2.8}
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Let us recall how PT, C, P and crossing invariance constrain the $-matrix:

PT: 87:0:(8)=S3i4(0)=>a(o, 0., K|0)=ale,+ K, 0,- K, - K| 8) (2.9)
C: S5152(0) = SZoy "2 0)=> a0y, 02, K| 8) = a(—0y, —03, - K[ 8) (2.10)
P: 500 0) = S (8)=> a0y, 05, K |0)=alo,, oy, =K | 8) (2.11)
crossing:

Sqon)=S"p(im—0)=aloy, 03, K|08)=a(K -0, 03, 01+ 0 }in—0). (2.12)

Imposing Q and O conservation yields further constraints on the S-matrix elements
a0y, oy, K|8). That is, we require @ and Q to have an identical form on both in
and out states. We find in this way

Ala(oy, 09, K|0)— ™" *a{o, 0,+1, K+1]|8)]

=w Xa(r,+1,0,,K|8)— 0" a(a,, oy, K+1]8) (2.13)
Mo a(o,~1,0,, K+1|0)—0* ™ Na(a,, oy, K| 6)]

=0 (g, 0, K+1|8)— 0 a(o,, 0,—1, K| 9) (2.14)

where A=+A,/A, =¢~ %% and 6= 6,— 6, is the relative rapidity.
Equations (2.13)-(2.14) have a solution of the form

a(o,, o5, K|0)=¢(o,+ 03, K|8). (2.15)
Equations (2.13)-(2.14) take then the following form
$lo, K|8) - Xé(c—1,K-1]8)
=2 lo %¢(c—1,K|0)-w” '¢(co, K -1]8)] (2.16a)
(o, Ki9)—w” Xep(c—1, K+1]6)
=MwXp(o0—1,K|8)—w” "¢(a, K+1]|8)]. (2.16b)

Equation {2.16b) follows from (2.16a) through invariance (2.9). Therefore, it is
enough to solve (2.16a). We do that by discrete Fourier transform

6o, K)=0"™ ¥ w™y(a, K). (217)

a=0+
We find from (2.16a) and {2.17) the simple recursion reiation
[1-Awf g, K)=[*"" - w®A*]Y(a, K ~1). (2.18)

Equation (2.18) allows y(a,+) and ¢(a, —) to be expressed in terms of ¢(a, 0) for
all « =0, . Furthermore P-invariance (2.11) requires

¢(a, K)=y(a-K, -K). (2.19)
That is
(0, =) =(+,+), ¢(0,+)=4(—,—) and ¢(+,0)=y(-,0). (2.20)
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This completely fixes the solution (a, K) up to an overall multiplicative factor
F(6). After some calculation, we find from equations (2.18)-(2.20)

$(0, £) = (<, £) =f\%) [coSh(8+321ri) %]

¢(¢,i)=dl(i,0)=f-%l[cosh(g) —l] (2.21)

_M o+4mi B
(0,0)= A [cosh(——3 ) 1:’.

Inserting (2.21) in (2.17) yields

$(0,0|0) = —iF(8) [sinh(gziw) —iﬁ]

¢(0,+|9)=¢(+,0|iw—6)=iF(8)sinh(§) (2.22)
&(+,+]6) =—iF(8) [sinh("“”) _ig]

where F(#}= F(iw —8). The rest of the amplitudes ¢{o, K|8) follows through the
symmetries (2.9)-(2.12), that is

#(0, K|6)= (0, —K |8)= (-, — K| 0). (2.23)
In addition, crossing invartance holds
¢lo, K|0)y=o¢(K, o|ir—-8). (2.24)

One can check that the vB relations hold for our S-matrix. It is here a consequence

of the self-consistency of the Q, @ algebra.
Unitarity of the S-matrix imposes on the normalization factor F(8):

4 cosh’8/6

F(8)F(—8)=- ——5——. (2.25)
3 cosh 8/2
In order to find F(8}, it is convenient to write it as
F(6) = [£(6)F
V3
where
cosh 8/6
FQO)f( 9)—Cosh 02" (2.26)
Using the identity
pfly A\pfl 2\~ (297}
\2 " "#2)°\2 "#) cosh:z vests

(2.26) can be written as

f(0)f(—0)=o(0)d(—0) (2.28)
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¢(a}=r(%+2—:i)/r(%+a—fr—i) (2.29)

A minimal solution of equations (2.26) is given by the infinite product

i &+ 2xit 21+ i Fp{2(4+ 1) mi
fioy= I L3022 PUIE Lin - 6)6 201+ Lmi) (2.30)
:=o¢\u+\zt+1)11r)tp\2(l+1)7n~—6)¢[u7ru

where

That is
» TG+z+Dr(1- z+l)F(Z+I+2) (l HH) ( )
f(a)_!gor(g_z+;}r(1+z+! ([ 2 )ré )G 1+1)( 1) (2.31)

where z = 8/(2m1).

It is easy to check that this infinite product converges and it is analytic and without
zeros on the physical strip.

Up to now we set the spin of Q and Q to be +3 and -3, respectively. In general

we can r\nnmdpr tl'lA alnﬁhfﬁ (7 1\ f'nr ncn=local cha:gea w{lh sp‘u io/.}, WhGlU 5 la uuL

a multiple of 3. This follows from the previous construction by rescaling 6 -» s¢ and
® > °. The representation of @ and @ on asymptotic states will depend on whether
s is even or odd. We know that Q°= P,, is a local integral of motion with spin s, €
parity (—1)**! and Z,-invariant. Therefore we need a new quantum number ¢ (odd
under €) when s is even. In this way Q®= P, will change sign under €.

Further S-matrices can be obtained by rescaling § - 268, @ » w* = @*. (That is tak

the complex conjugate of the amplitude forms.) Thls changes the spin of Q° an Q
to s =2 making them odd under €.

Therefore, we introduce an extra quantum number ¢ = +1. That is, the one particle
states are now |, @, 8). The operator Q acts on them as follows

Qle, o, O =ereo’|c,o0+1,8) (2.32)
Qley, o1, 8y; €2, 73, 83)
=g Ao w e, oyt 1, By 82, 02, B)
+ 340,077 Mgy, 0y, By; 4, 03+ 1, 02) (2.33)

and analogous formulae hold for Q.
The Z, and e-conservation and the invariance under Q and Q now constrain the
S-matrix to have the form

Si; g; ii :3(6) = 50|+o'2,03+l7'46b‘1£36E;e4¢(o-l + oy, 0-1 - O-Sa 8182 ‘ 0}- (2'34)

We have two sectors: one with £,e,=+1 and another with ¢,£,=—1, They are
connected by crossing since particles and antiparticles have opposite values of &.
in the £,e,=+1 sector we set

¢ (0, K, +]0) = d(o, K| -20)F.(0) (2.35)

where the d‘;(o', K |[20)= ¢(o, K, 8)/ F(0) (see equations (2.22)) and F,(#) is a nor-
malization factor.
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In the &,&,= —1 sector we take
b(o, K, ~|8)= ¢(o, K |3mi—20)F_(8). (2.36)

The amplitudes (2.35)-(2.36) are invariant under @ and Q and under crossing
symmetry:

o(o, K, +[0)= ¢(K, o, —|im— ). (2.37)

#(0,0, | ) =iF,(6) ssinh(ZO_m +i 3]

3
. . . 20
&0, +, e|8)=(+,0, e|im~ 8)=—ieF.(8) sinh 3 (2.38)
26 —i 3
q5(+,+,e|0)=isFE(6)|:ssinh( 3”’)+i§]
where F,(6)= F_(im— 8) are normalization factors. Unitarity constrains them to fulfil
4 cosh?6/3
F.(0)Fa(—0) == ——=
{8)F.(—0) 3 “cosh’6
29 (2.39)
4 sinh“8/3
F (8 -
(O)F (-6)= 3 sinh®6

Proceeding as before (cf (2.25)), we set
2 2
F.(8 \/—[3(9)]2 F-(3)=ﬁ[g(iw— .

Then equations (2.39) yield
g(8)g(—0)=,(0)¢(—8}, glim—0)glim+8) = $2(0) P 6) (2.40)

where

s =r{2+ (24 2
\6 3w/ \6 3wi/

1 48 2 8
=1 (555 (5 7)

The minimal solution of equations (2.40) can be written as the infinite product

r(l+2—’+z)r(§+2—’+z)
6 3 6 3
g(8)=1] 57 2
'““r(1+—+z)r(~(l+1)+z)
3 3
2 21 3 2
— — +__ —_ p—
UF(3(1+1) z)F(l 3 z)l‘(2+3)
T 3 21 1 21
—_ —_— —+__ —_ p—
r(cs“Ls' Z)r(z 3 Z)r(6+3)

where z=6/(3mi).

(2.41)

——
%)
Y

Sovmn’
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3. Z, charges, their coproduct and the associated S-matrices

We generalize in this section the construction of section 2 for Z; to Z, for odd M.
We consider two Zy, conserved charges Q and Q fulfilling the algebra

QQ=wQQ QV=Pp QY =P (3.1

where @ =¢?™™ is a Nth root for unity. We use particle states |o, 8) where the

represeniation of Zy is diagonai.  and ¢ act on one-pariicie siaies as foiiows
Qlo, &) =A™ |o+1, 6)

R _ {3.2a)
Qio, 6) =X %0 -1, 6)

where 0=0,1,2,..., N—1mod N, d is an integer to be determined below and

G)I/N

Ao=(me Ao=(me HHYVN (3.2b)

That is, Q and Q have (Lorentz) spin 1/ N. Representations of Q and Q having spin
5/ N will be obtained below by changing o = *, 8 = s67.
As is easy to check, equations (3.1) hold for the one-particle representation {3.2).
We define the action of @ and Q on two-particle states as follows

doy,—o
5, B F A e 8 eyt 8y

0[0191, a0y =110’_(d+”0‘|0’1 —-1,8, 0’232>+:\2W4d+”%_a'|01 8, 0.-1, 63).

2

(3.3)

We check from (3.2) and (3.3) that equations (3.1) hold on one and two-particle
states. For n-particle states this is also true provided one defines the action of Q and

Q as

Qlg, 8= T A(8)w™ H=i%|g'", g)
= (3.4)
Qlg, )= T 20w ™™ i, g)
where d is an integer
(')_(Ula"-:gi—lso-i-{-lsa-i+ls-"so-n) (3.5)

—(i)
F'=(o,...,0_,,0—1,00,,..., 0.1

As, inthe Z;-case (section 2) the two-body S-matrix will have the Zy-invariant form
537 o x(0)=a(oy, 0y, K| 6). (3.6)

We now require Q and @ to be conserved. Therefore, they will have identical form
on in and out states. These conservations imply on the S-matrix the constraints

a(o-l » T2, K+ lv e)w—(d+1){0'l+l+KJ _w_(d-'.”az_wla(aZ’ L2 S 1; Ka 8)
=AM ¥ V% (0,1, 05, K+1, 8)

R R P T & ) 3.7)

f It has recently been shown that there is no realization of (1.1) with s=1 and N5 in perturbed unitary
conformal invariant models [11]. The connection between our s = 1 construction and [11]is to be investigated.
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Az[a(ﬂ'l, o, K; 8) - wd(az_’()-ﬂ(d*—”ala(al ] JZ+1- K+ls 6)]
=w_dxa(0'1+1, o, K)_w-—(d+l)(o-l+K)—1+d(a'2—K—l)
xea(lo, o, K+1,8) (3.8)

where A =V /A, =%V,
For N =13 equations (3.7)-{3.8) become identical to {2.13)-(2.14). Equations (3.7)-
(3.8) admit a simple P7-invariant ansatz analogous to (2.15) when
2d+1=N. (3.9)

This means, in particular, that N must be odd, as we shall assume from now on,
for simplicity. Then, we can set as in the Z; case (2.15)

aloy, 00, K, 8)=d(o+0,, K, 6). (3.10)
Inserting (3.10) in (3.7)-(3.8) yields
¢(0, K, )~ """ ¢(c~1,K -1, 6)
=Aslo *plo—1,K,0)-w*"V(a, K -1, 8)] (3.11)
and
¢(0, K, 8)—w ™" g(a+1,K -1, 6)
=A[o *e(o+1, K, 0)—0 ¥ Ve(o, K ~1, 8)). (3.12)

Equation (3.12) follows from (3.11) together with P and C-invariance (see (2.10)
and (2.11)).

Tt ic cnnuaniant tn intraduca naw tha dicerata Fanrior trancfnre
A A0 VAL YWALIRME MV LML UG BWY UYWL Ulsha bl U ULl L aiiaiviin
&(0, K, 0)=0?* Y 0™ y(a, K, 6) (3.13)
* L] ? b N .
-3

Inserting (3.13) in (3.11} yields the following recursion relation for ¢(a, K, 8)

T i@
H — — — +__
sm[N (K—a-1) 2N]

¥(a, K, 8)= : Yla, K—1,0) (3.14)
sin[—’i(x—a)~—‘9-]
N 2N
where we used
Ag=e /2N (3.15)

in accordance with (3.1).

We find from (3.14)
[mr_io
k-1-a S| TNTTON

yla, K, 8)= mga ;“r'rr(m+ 1)4_1_9] ¥(a, 0, 0). (3.16)

LN 2N
This formula can be written in terms of the functions

m-1 Yk —ig\ 41 | 27r(k+1)+i6)
X,,,(B)—k];[osm( N ) I sm( N

0O=sm=d (317

k=m
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Notice that these functions are real for purely imaginary 6. They enjoy the following
properties

Xm(e):'X—m(a):XN—m(e) (318)
-~ At 2w (k+1)+id
Xo{0)= w(ﬁ')—k];[o sm(——-————zN ) (3.19)
and
1 sinh(8/2)
W(OIW(=0)=27=1 Gnn(e/ 2N}’ (3.20)
Using (3.17) we can write (3.16) as
_XK—a(e)
yla, K, 8) ———"_X“(e) e, 0, 0). {3.21)

Let us now enforce P or PT-invariance in order to fix (e, 0, ). Equations (2.12a)
and (3.13) yield, as the P-invariance constraint on ¢{a, K, 9),

d(a, K, 0)=d(a — K, ~K, 0). (3.22)

The solution (3.21) satisfies {3.22) provided
(e, 0, ) = Fn ()X (6)T (3.23)
where Fx(#) is an arbitrary function of 6. Therefore, the solution (3.21) takes the form
¥(a, K, 8) = Fn(6) X, (6) X« _.(8). (3.24)

Let us now investigate the crossing symmetry of these amplitudes (e, K, 9). Crossing
invariance (2.12) vields
N-1 N-1
L w™Y(a,Kir-0)= L ©“¥(a,0,6) (3.25)
a=0

a=0 -

It is then convenient to define an additional finite Fourier transform
N-1
X(e,B,0)= T o y(a,K 6). (3.26)
K=0

Crossing thus requires
X(a, B,8)=X(B, a,im —6). (3.27)
Inserting now (3.24) in (3.26) yields

X(a,B,8)= Fu(0)X.(8) S & Xy_.(8). (3.28)

We can evaluate this sum with the help of the self-duality property [10]

N1 _ Xlim— ) N
I 0"X0) =555 T X(0) (3.29)

Moreover, the sum in the RHs can be computed with the result

a(21+1)—id

oy ] =vN Xyliw=8). (3.30)

Y Xe(®=vN T sin[
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Then, we find

til "X (0) =VNX,,(im - §) (3.31)
and

X(a,B,0)=Fn(0)0VNo ™ X,(8)X;(i7 - 8). (3.32)

We recall that the weights in the Zy-invariant model of [10] are expressed as
Z-Fourier transforms of the functions X, (8). We find in the present case statistical
weights that are double Zx-Fourier transforms of (3.32), bilinear in the functions X, (8).

In order to impose crossing (equation (3.27)), we require Fn(8) to be a crossing
symmetric function

Fn(0)=Fny(im—0) (3.33)
to be determined by imposing unitarity and arbitrary. In conclusion, the C, T, P and
crossing invariant S-matrix can be written as

¥(a, K, 0) = FN(0) X, (0) Xk _.(8) (3.34)
and (cf (3.13))

1

(0, K, 0)=0"FFy(8) T X, (6)Xx_.(6) (335)
a=0

where Fn(8) fulfils (3.33).
It is easy to check real analyticity for ¢(o, K, 8) from (3.35). That is
#(0, K, 6)* = (0, K, —6%) (3.36)

provided Fn(6)* = Fy(—6%).
One can check that (3.35) fulfils the Yang-Baxter equations.
Let us now consider the unitarity property of the S-matrix (3.35). It takes the form

L ¢(0, K, 0)¢(c', K, —0) = 6. (3.37)
K
We find from (3.35) setting o=0"'
- -2
FN(G)FN(—8)=N|:N§; XQ(G)XQ(—G)] . (3.38)

The sum in (3.38) can easily be computed using
sinh(8/2N) sinh(8/2)

1
Xn(0) X, (—6) === — - .
(6)Xn(=0) = 38T o2/ N+ sinh2(0/2N) (3.39)
that generalizes (3.20).
We find after calculation
Nl N cosh(9/2)
-8)= :
az=:0 Xn(B}Xa( ) 2N—1 COSh(G/ZN) (3-40)
Using now equations (3.38) and (3.40) yields
N cosh(B/2N))2 1
—f)= —. .
E(0)(-0) = (TS L (3.41)
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It must be noticed that the identification of 8 with the physical rapidity (and hence
the crossing transformation 6 - im — #) is not unique. We can rescale w » @® and 8 — 56
where the integer s is not a divisor of N. This changes the spin of Q and Q to s/ N.

We shall discuss two cases in more detail: s= N —2 and s = N —1. Let us start by
5= N-2. We call this case model I. We can write the S-matrix from equations (3.6),
{3.10) and (3.35)

S MM mex(0)=d(0, K, )= 0" F\(0) Z w0 X ()X _,(6) (3.42)

a=0

where

)2“(9)=:Ij; sin(%+i“§;2) B) :I;]l sin [%(k-&l)—%(N—ﬂ]. (3.43)

The unitarization function Fy(8) obeys here

COS.
o - 2N

Fu(0)Fy(-0)=— |2V ———— (3.44)
cosh( B)
2
Frn(8)Y=Fn(im—8). (3.45)

Notice that I:"N(B) cannot be obtained by rescaling @ in Fy(#) since crossing always
contains an iw shift [cf (3.33), (3.41), (3.44) and (3.45)].
In order to solve the functional equations (3.44) and (3.45) it is convenient to write

N 1
Fn(ﬂ)— 7N [/~ (8)1Bn(8) (3.46)
where
COSh(—'— 3) )
Fu(@)fn(=0)=——=——C and Ju(6)=fulim-0). (3.47)
coshk )
Using the identity {2.27), we can write {3.47) as
Fn(®)n(—0)=(8)¢(—0) (3.48)
where
(18229
o
o(8) =m (3.49)
B e
2 2Nmi

is analytic for Im 6> —7/(N -2),

-

In an analogous way to section 2, an infinite product solution for fn () ¢an be
obtained with the result
h( o, imm )
sin
(N-3)/2 2T N-2
Bn(0)= —_— (3.50)

m_t ey 8 mm)
sin 2 N-—2
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1 z 1 N-2 N -
T|{z+z+(N-=2 —t -z+
- (z ( )m)l"(N 1 NTTN m)F( z
1 N-2

mzor(i+_+___m)r(z+N2_1+(N—2)m)F(“i“"'_+m_- m)

1“(—i+1+N_2 (m+1))F(%+(N—2)(m+l))l"(%+—-u m)

N 2 N N

1 1 N-2 1
I|—z+=+(N- + —+—(m+ —+(N -
( 243 {N-2)(m 1))]‘(2 N {m 1))F(2 (N 2)m)
(3.51)
where z= (N —2)8/(27i).
In (3.51) the infinite product of I'-functions has no zero neither poles in the physical

strip. Poles and zeros are on the pole factor {the sinh functions). We choose this pole
factor By {0) to be one associated with the bound-state mass spectrum

k N-
m.=2m sin( ik ) lsks_T3. : (3.52}

These bound states plus the mass m particle coincides with the By, spectrum.
The interpretation of this S-matrix as describing a perturbed cFt is given in the next
section.

Let us now discuss the S-matrix obtained from (3.35) through the rescaling

#>(N-1)8 wasoN l=p T =p* (3.53)

We call this case, model II.

For model I we add an extra quantum number £ = + to characterize the particle
states. As in section 2, the reason for introducing is to allow Q" (a Zu-invariant
operator with even spin} to be odd under charge conjugation.

Thus, our asymptotic states will now be

|e1018y, £20,6,, ..., ENONON) g =zl (3.54)

The Zx charges, Q and Q are diagonal on the ¢ indices and act as follows on one
and two particle states

Qlecd) = eAow™|e, o +1, 8)
Qlea,8,; £20:8,)
= et)t(,!wd"'lsl Lo+ 1, 8,, 8,0,0,)
+£2/\92wd"2—"'|e,016.; £y, o3+ 1, 65). (3.55)

Analogous formulae hold for Q and for states with more particles.
The conservation of Q and Q constrains the two-particle S-matrix to have the form

SEIUI'EZ”Z(B) = 60‘1+¢72.o'3+(746é‘1.€.16Fz-an)(a‘l + UZl » 017 03, £y82, 6)' (3'56)

£330, P40

We have two separate sectors depending whether ,6;=2+1or —1. Inthe £,5, = +1
sector we set

(0, K, +, 0) = (o, K, 0)Fn(8) (3.57)
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where

H, K 0)=0""" T 0 X ((1-N)8)Xx_.((1- N)b) (3.58)

o =

and the functions X,{¢) are given by (3.17).
In the sector £,6,=—1, we set

(o, K, -, a)=ﬁN(iw—o)$(a, K, a—:ivl). (3.59)

It can be checked that equations (3.57)-(3.59) are invariant under Q and Q.
Crossing invariance requires here that

D{o, K, &, 8)=P(K, o, —¢,im — 6). (3.60)
Using now equations (3.23), (3.24) and (3.56) we find that

(o, K,iw—0)=$(K, a, 8- ”’N). (3.61)
N-1
This, together with equations (3.57) and (3.59) shows that crossing invariance (3.60)
hoids .
Let us finally find the unitarization factor Fy{(8). We find two equations from the
sector £,8,=+1 and &,e,=—1, (respectively:

Fn(0)En(—8)=—

. ) (3.62)
2V~ ginh (—— 9)
Ex(im—0)Fy(im+ o)=% . (N_le)
sinh{ ———#
2
Proceeding as earlier ({3.46)-(3.52)), we set
n 2N—l n
FN(ﬂ):ﬁ[fw(ﬂ)]zDN(ﬁ)- (3.63)
We have then from (3.62) after some calculation
f(8) fn(=0)= &,(8) &, (8
{N(e)fN( ¢ )= ¢\(8)d(—8) (3.64)
Fnlim—0) falim+8) = (0} y(—6)
where
_T(+Nz) _ (Nz)
$(O="T71r #:(8)=VN rG) (3.65)
and
z= N-1 6.

2Nmi
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The solution of equations (3.64) can be expressed as the following infinite product:

sinh(g+———ihr )
2 2 2(N-1)

=1 sinh(g— ilm )
2 XN-1)

@ T(3+ Nz+(N=D)T(=Nz+ (k+H(N-1INTE+H(N-1)(k+1))

SO = S TR+ (N= 1) (k+ )T (N2 + (k+D (N - 1) PG+ (N - D)

l"(z+N_1 (k+1))r(1-z+N_1 (k+1))r(1+&lk)

N 2 2 N 2 N
1 N-1 N-1 1 1 N-1 )
F(2 z k)F( z+ ; (k+2))F(2 N (k 1))

(3.66)

We introduced as pole factor the one associated to a Dn-spectrum. That is, model
II contains, besides the particle of mass m, N —2 bound-states with masses

m, =2m sin 1=ksN-2. (3.67)

L -
2AN-1)

4. Perturbed parafermionic conformal field theories as integrable massive field theories

In this section we investigate integrable perturbations of parafermionic crr leading to
massive integrable field theories. Their associated S-matrices being found in section 3.

Let us start with model 1. We claim that this QT follows from two parafermionic
Z, models perturbed by the product of the thermal operators of both models. That
is, a scaling model described by the Hamiltonian

9’6’&=9€0(ZN)+?€0(Z'}V)+AJ’dzxe,e'i (4.1)
where Zn and Z/ refers to the two parafermionic crr and £,(¢}) is the Z y-neutral

field in the Zy(Z%) model with conformal dimensions [9]

—_— 2
Di=x377

In equations (4.1) A =0 is a (small) parameter. We find by dimensional analysis
dim A =2(N —=2)/({N +2). Therefore, the correlation length behaves here as

¢~ ATINT22AN-D) (43)

Moreover, we identify the conserved Zy-charge Q with the operator

D, = (4.2)

Q=QJ' dz¢1¢§+kj¢df (4.4)

where ,(¢}) is the parafermionic field of the model Zy(Z%) with conformal
dimensions

1 -
Alzl—}mv" A|=0. (4'5)
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As is easy to check, the identification (4.4) is consistent with the value S=1-2/N
for the charge Q (see section 3).

In the massive theory (4.1) ;4] depends both on z and Z and we assume it is the
z component of a conserved current. We therefore set

az[‘!‘l‘pi] =ia,9P {4-6)

where @ should be a local operator. Dimensianal counting yields from equations (4.3),
(4.5) and (4.6)

N-2
Ae=29NT2)
(4.7)
i =2(&+}_)
PTAAN(N+2) NS

These are precisely the conformal dimensions of the operator ®3%,(z, Z) in the Zy

parafermionic crT [9]. These operators ®{*),; are obtained from the other parameters

a,(z, £) by applying the operator A, (see [9]). In our case:
‘I’Egzo](Z, 7)= jtt/Nﬂ'z(Z, z). (4.8)

(We recall that the conformal dimension of o, are d;=d,=(N —2)/N{N+2).) That
is we set

©\(z,2)= qu)g,}m(z, f)‘béifé](z, Z) (4.9)

where (| is some numerical constant. These arguments prove that our claim is con-
sistent.

Let us now consider model 1I. We identify it with two parafermionic Z,, CFr
martuirhad hu tha mradnst Af tha tharmal Amaratar in hnath madale That e
l)\.rl\l-llu\.o\-l w ELLW PAUUI-I\II. AFL Lil%W RLlAWwiBAlsRl Vl}\'lﬂtl)l 111 UL LlIVJIWLD a1aL 1 3
1
%l'—‘%o(ZzN)"“ Ho(Zan}+A dzxslf'l- (4.10)

Now, dimensional analysis yields dim A =2(N —1)}/(N +1) and hence

EN A—N+]/2(N—2)‘ (4.11)
We identify the Zy-charge in model II with
Q=sz¢1¢i+AJ®df (4.12)
where now the Zy and Z)y parafermionic operator have conformal dimensions
A,=1—-2—‘N— A,=0. (4.13)

This is consistent with the spin value 1 -1/ N for Q in model 1L
We find as the conserved current in the Z, ® Z}, perturbed model (4.10)

A pi]= A3,y
where
@ (z, 7) = Cr PP (4.14)

where C), is a number and ®{3),,(z, Z} is the same operator as in (4.8) but now in the
Z, n-parafermionic theory.
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In model II, where s =N —1, the local operator P,= Q" can be represented in
terms of operators of the Z,,, parafermionic cFr as

Py, =j dz yn(2)¢h(2)+AK I dz &Fh @ (3o (4.15)

where K is a numerical constant and the operators ®{3} ,, defined in [9] have conformal
dimensions
N(N-1)

2 _ (2
AL No="T - and A{z?v,o]=

2(N+1)

1
N+1
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